Introduction
In two recent papers (Lieu & Hillman 2003; Ragazzoni, Turatto, & Gaessler 2003) cosmology by the precision method of diffraction limited imaging of extragalactic sources was proposed, and the outcome of its application to two Hubble images was presented. The purpose of these works was to directly test the existence of first order quantum gravity induced fluctuations in time and space, the 'Planck-time' effects, through measuring the stability (to random uncertainties) of the speed of light c at the few parts in 10 32 level. The negative result led to an exclusion of first order Planck scale effects in space and time. At the very least, authors who prefer a more conservative interpretation (Ng, Christiansen, & van Dam 2003) also agree that the value of c determined by using the long distance between us and the source as baseline has the accuracy quoted above. Can the phase behavior of extragalactic light also be used to test certain key aspects of General Relativity that have hitherto been evading scrutiny ?
Specifically, we wish to address one of the most striking unsolved problems concerning the Universe at large scales -its geometry. According to Einstein's theory, the curvature of space at large scales is determined by the total mass density of matter and energy, ρ(t), a quantity that evolves with world time t as the Universe ages. If the curvature is zero, the density at the current epoch t = t o must equal a critical value, i.e. ρ(t o )(= ρ o ) = ρ c where
and H o is the Hubble constant. It is customary to express ρ o in units of ρ c , i.e. as the parameter
The status to date is that while evidence for the global flatness of space appears secure, its General Relativistic consequence of Ω ≈ 1 means ∼ 97 % of the matter and energy necessary to constitute such a high value of ρ o remains to be found (Rubino-Martin et al 2003) . The outcome, though uncomfortable, is not by itself a sufficiently sound reason for anyone to confront established ways of thinking. This is partly because the published measurements (Rubino-Martin et al 2003) of Ω are accurate to only a few %. If exists a way by which space is demonstrated to be flat within much smaller margins of error, the case for querying an underlying mechanism that enforces such a perfect match of numbers will be compelling.
Physical optics approach to the behavior of light from distant sources
The starting point of our investigation is the metric of space-time for a homogeneous and isotropic Universe -the Robertson-Walker line element:
where (r, θ, ϕ) are comoving coordinates, and the curvature index K may be expressed in terms of parameters at t = t o , viz.
with a o = a(t o ) as the current expansion parameter. Consider now the evolution of the phase of a light wave φ, which may for simplicity be taken to have an initial value φ e = 0 at the epoch of emission t = t e when the source was located at r = 0. Since the locus for light is the null geodesic ds 2 = 0, according to Eq. (3) φ is determined at any subsequent point (t, r) along the light path by the equation:
where:
and ω e is the angular frequency of radiation during emission.
How does the phase behave when the emitted light arrives at the space-time location (t o , r o ) of a distant observer? From Eqs. (5) and (6) we see that any small changes in φ about the value φ(t o , r o ) may be written as:
where
is the angular frequency of the (redshifted) radiation during detection t = t o .
Attention is drawn to the second term on the right side of Eq. (7). It modifies the expression for the phase advance per a o dr interval of local distance propagated, from
This means the phase behavior of light from remote sources differs from the usual expectation. In fact, such behavior is not permitted by Maxwell's Equation for electromagnetic waves in vacuo. The result is profound changes in the properties of the light (at least as inferred from physical optics).
We can test whether there really is such an effect. The experiment primarily involves the NICMOS camera aboard the Hubble Space Telescope. The aperture of NICMOS has a diameter of D = 2.4m, and is offset from the optical axis by an angle of α = 7 arcmin, i.e. observations are performed in a 'tilted' configuration whereby the direction to a source S makes the angle α with respect to the telescope axis. Take therefore two positions A and B diametrically opposite to each other along the aperture. The distances SA and SB from the source to A and B will then differ from each other by the amount
where obviously d = a o δr for an observer local to the telescope. Yet, as explained in the previous paragraph, the actual phase separation δφ between light arriving at A and B depends on the optical path 1 difference a o δu. In the limit of zero curvature (K = 0), a o δu is simply a o δr = d, during which δφ = 2πd/λ o . In this case, the source will be detected at an angular distance = α from the optical axis. More precisely, the derived celestial position for S will be the same as that of an on-axis observation.
If space has curvature, however, the optical path difference as the light propagates S → A and S → B will not be d, but will equal
in the limit and Kr 2 o ≪ 1 (an approximation to be justified below). This leads to a relative (percentage) shift in δφ by the amount δd/d ≪ 1, which in turn changes the angle between the incoming waves and the optical axis in the same way. In other words, the source direction no longer makes an angle α w.r.t. the optical axis, where α is given by Eq. (9). Rather, S will be seen in an apparent position, with α → α + δα where
By means of Eqs. (4) and (10), we may recast Eq. (11) in a form more relevant to interpreting NICMOS extragalactic images:
where in the last expression L = a o r o is the current metric distance to S and δα is in units of arcsec. How may we find out if δα is finite ? The answer lies in the fact that, from Eq. (11), δα → 0 as α → 0, i.e. it is necessary to compare two precise positions of S, one obtained with Hubble at 7 arcmin offset, the other with a telescope observing the source in an on-axis mode, with α = 0.
Geometric Optics prediction and its observational confirmation
Before we announce the verdict, however, let us set aside physical optics and adopt another, simpler, method of reasoning. Since Eq. (7) indicates that φ remains a linear function of t and r irrespective of whether K = 0 or K = 0, i.e. the (plane wave) nature of light is maintained within our space-time neighborhood, and the principles of geometric optics should hold. Thus all light rays may still be regarded as straight lines, and if a point source is observed in offset mode its direction w.r.t. the optical axis will equal precisely the tilt angle of the telescope -in the present case the angle α. In this way we see that geometric optics predict a different outcome -there should be no effect of the sort described in the previous section, not even when K is finite.
Which prediction is correct, and why do they disagree? Let us first address the former, by examining the point source PKS 0201+113 at a redshift (White, Kinney, & Becker 1993) of z = 3.61 (or distance 34 Gpc), the celestial coordinates of which (RA = 02 03 46.657, DEC = +11 34 45.41) were determined at ≈ 1 milli-arcsec accuracy from radio data gathered with the source direction parallel to the telescope optical axis (Johnston 1995), and will be used as fiducial. The same source is located by NICMOS 2 to be at RA = 02 03 46.66, DEC = +11 34 45.32, with an uncertainty equal to the positional discrepancy between the radio and optical data, i.e. ≈ 0.1 arcsec. Referring back to Eqs. (11) and (12), we conclude that within the accuracy limit of the experiment there is no evidence for a finite δα. Thus the reason for the small δd/d approximation that led to Eq. (10) is now clear. In fact, when the figure δα ≈ 0.1 arcsec is substituted into Eq. (12), the result is a tight constraint on the curvature of space: Ω = 1.0000000 ± 0.0000076 (13) 4. The absurdity of finite space curvature cosmologies
The forementioned limits on K and Ω may further be tightened by turning to the second question of section 3: why does the analysis of light from a distant point source based upon physical optics lead to a radical prediction that disagrees not only with observation, but also with Maxwell's Equation and our geometric understanding of plane light waves? The answer lies in the Kr 2 o term of Eq. (7). Had it been absent, the phase behavior of extragalactic light would have been normal, in the sense that it would not have resulted in an embarassing conflict between geometric and physical optics -a conflict of a sufficiently fundamental nature that it must be resolved.
Nonetheless, the conclusion of K precisely = 0 has very profound consequences. Therefore we will not draw it until every alternative interpretation is considered and excluded. There are two obvious ways of avoiding the contradiction in the last paragraph.
The first way is to re-define the wavevector and wavelength of light such that the former becomes k o = ω o /c 1 − Kr 2 o and the latter becomes λ o = 2π/k o = 2πc 1 − Kr 2 o /ω o . Eq. (7) then reads the familiar form that reconciles the two branches of optics, viz. dφ = ω o dt − k o a o dr. The price of such a remedy is severe, for the vacuum speed of light ω o /k o now equals c 1 − Kr 2 o , i.e. a non-linear function of the distance propagated. Not only would this again defy Maxwell's electromagnetic theory of radiation, but also the relationship between frequency and wavelength becomes dependent on how far away the source is (how then may the color of light be specified?). Further, our entire ability to chart the extragalactic distance scale, which rests upon the constancy of the speed of light, would be in jeopardy. Thus it is safe to assume that we are not working with a viable option.
The second way is to assign a different length scale for an observer at position r = r o , who uses a coordinate systemΣ related to the source frame Σ by:
i.e. the two frames share the same origin and world time, it is also assumed that the x, y, and z axes of Σ are aligned with thex,ỹ, andz axes ofΣ respectively. The local null geodesic w.r.t.Σ is then ds 2 = c 2 dt 2 − a 2 o (dx 2 + dỹ 2 + dz 2 ), i.e. time and distance are of the simplest (Minkowski) type. The differential change in phase, Eq. (7), takes the familiar form dφ = ω o (dt − a o dz/c), so that superficially the difficulty is no longer with us. Note however that if the Universe has no special place, it should be possible to describe it sensibly with reference to a single coordinate system, and a transformation like Eq. (14) should be unnecessary. In fact, Eq. (14) introduces a distortion in the z direction, implying a nontrivial difference between the measure of metric distance at the source and at the observer. To illustrate, we see from Eq. (14) that while with respect to the source frame Σ the observer Σ is separated by a coordinate interval r o or metric (angular size) distance a(t e )r o , with respect to observerΣ the same parameters for the source separation read r
The ratio of the two metric distances is = a(t e )/a(t o ), implying that the two sides truly have a disagreement in their length scales that cannot be attributed to expansion, rather to preferred locations in space.
In another approach towards understanding why this remedy is untenable, we may follow the general spirit of arbitrary transformations like the one given by Eq. (14) by further modifying it to become:
Now we not only have done away with K, but also the function a(t), because the null geodesic becomes ds 2 = c 2 dt 2 − a 2 e (dx 2 + dỹ 2 + dz 2 ) and the phase advances as dφ = ω o (dt − a e dz/c). In other words, if a(t) evolves with time, according to the above transformation, an observer Σ at (r o , t o ) w.r.t. frame Σ will experience a redshift, but will conclude that the Universe has not been expanding. Clearly, such an absurdity tells us that transformations like Eq. (14) provide opportunity for many and varied interpretations of real physical effects -they serve no purpose apart from dodging an issue.
Even so, a deeper insight has emerged. The phase behavior of light as described in Eq. (7) carries the expansion and curvature factors a(t) and √ 1 − Kr 2 in a symmetrical way -the former appears as denominator for dt, and the latter as the same for dr. While the appearance of a time varying a beneath dt ushers in an expanding Universe where the time origin was a special moment, by the same token the appearance of a spatially varying curvature factor beneath dr means space is not homogeneous -at least not for the phase of light -the space origin is a preferred location.
To highlight this important point, let us in the setup leading to Eq. (7) shift the time and space origin of our coordinates so that the observer is now at (t 
. By looking at the first expression on the right side, we see that the phase characteristics are non-trivially modified in two ways, each of which has to be understood. (a) Since the time origin was a special moment (the Big Bang), when t o → t ′ o the observer is found at a different epoch of the Universe, hence the function a(t ′ o ) replaces a(t o ) to ensure that the frequency of the emitted radiation is redshifted by another amount. (b) As r o → r ′ o the parallel change in dφ that ensues has to do with the spatial origin being a preferred location -the observer must now be at an altogether different place of the Universe. In fact, there is no other way of explaining why dφ behaves so differently under a mere translation of the coordinate origin. Yet (b) is in sharp violation of the Cosmological Principle -the position r = 0 is not unique, and possesses no physical significance.
We are forced to accept the inevitable -because the Cosmological Principle and the premise (confirmed by observations) that certain basic characteristics of light cannot change with distance of propagation are both foundational tenets without which the whole discipline of Physical Cosmology will be rendered oblivious, we must conclude that K = 0, and Ω = 1 to all orders of approximation,
i.e. there can be no curvature of space to any degree of accuracy.
Questioning the Friedman Equations as the basis of Cosmology
What is the physical meaning of Eq. (15)? To begin with, the relationship between K and Ω is an aspect of General Relativity as applied to the Universe at the largest scalesthe Friedman Equations -where the distribution of matter and energy is assumed to be uniform. When a ray of light propagates from a distant source towards us along a 'typical' path that does not pass through regions of strong gravitational field (i.e. when there there are no lensing events), it has been shown (Peebles 1993 ) that 'microscopically' the trajectory affected by a large number of small perturbations, due to the gravity of remotely located mass concentrations on the beam. These perturbations add systematically towards a total effect, quantified by the parameter θ. When combined with the Hubble expansion, the outcome is a locus that agrees with the prediction of Eqs. (3) and (4). Thus we have self consistent proof that a light ray can indeed probe the geometry of space at the largest scales.
Nonetheless, there is another equally important aspect of the test. Calculations of the standard deviations in θ, δθ, based upon the observed behavior of matter distributions, have also been performed. They indicate that the fluctuation level of θ, though small, is not totally negligible. Quantitatively the values are (Peebles 1993) :
where n o is the number density (Faber et al 1989) of elliptical galaxies with velocity dispersions σ greater than 250 km s −1 . Ω m is the mass density of matter as fraction of the critical density ρ c , and in Eq. (16) we ignored a logarithmic factor which is ∼ 1. From Eqs. (16) and (17) two mathematical facts are worth mentioning: δθ/θ ≈ 0.1, and Ω m scales linearly with θ. The implication is that if matter plays a role in shaping the curvature of the Universe, its inhomogeneity will be sufficient to cause a deviation in the observed Ω m along a random sightline from its average value by about one part in 10. Since Ω m is observed (RubinoMartin et al 2003) to be ≈ 0.3Ω, this means Ω should carry an uncertainty δΩ of ∼ three parts in 100, i.e. random fluctuations in θ should occur in the second decimal place. Note that hitherto we have not included the contribution to δθ from clumping of the 'dark energy' Ω Λ (this term, historically related to the 'cosmological constant' of Einstein, accounts for the remaining 70 % of Ω), because no data on the phenomenon are available. Yet such an undertaking would only bring about higher values of δθ (which adds in quadrature), hence an increase in δΩ/Ω.
When compared with the present findings, however, we seem to be encountering the fulfillment of a physical impossibility. According to Eq (15) , Ω is precisely equal to unity. The behavior does not at all reflect the influence matter distributions in the Universe have on a ray of light propagating through it. We therefore leave the reader with an interesting final conclusion -it appears that the large scale structure of space is totally maintained by energy, and has little (if any) to do with the gravitational fields of matter. This does not necessarily mean that gravity has a 'cut-off' radius, as the effect it has on space may simply be removed during the continuous expansion of the Universe, by a mechanism that operates in cosmological scales.
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